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Abstract
Electronic topological states of matter exhibit novel types of responses to elec-
tromagnetic fields. The response of strong topological insulators, for instance, is
characterized by a so-called axion term in the electromagnetic Lagrangian which is
ultimately due to the presence of topological surface states. Here we develop the
axion Mie theory describing the electromagnetic response of spherical particles
including an axion electromagnetic coupling at the surface of a particle. The ap-
proach includes arbitrary sources of fields, i.e., charge and current distributions.
We derive an axion induced mixing of transverse magnetic and transverse elec-
tric modes which are experimentally detectable through small induced rotations
of the field vectors.
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1 Introduction
It has been long known theoretically that in CP-violating theories topological defects become
electrically charged, one of the most prominent examples being the induced fractional electric
charge in ’t Hooft-Polyakov monopoles [1]. This result follows immediately from the presence
of a CP-violating interaction in the Lagrangian of the gauge theory,
La =
Θg2
64pi2
µνλρF
µνF λρ, (1)
where Fµν is the usual field strength tensor of the gauge sector of the theory and g is the
gauge coupling. The significance of the parameter Θ varies depending on the context, but
we will refer to it here simply as the axion, in reference to the chiral (or axial) anomaly [2].
Within an Abelian gauge theory context, observable consequences of axion electrodynamics
have been discussed for some time, with references to materials already being made in early
papers. For instance, Nielsen and Ninomiya [3] mentioned HgCdTe and Wilczek [4] discusses
an application of axion electrodynamics to PbTe, following a suggestion by Fradkin et al.
[5]. However, it was not until more recently with the prediction and discovery of several
topological materials, notably topological insulators (TIs) [6,7] and Weyl semimetals [8], that
the many possible interesting experimental consequences of axion electrodynamics came closer
to spotlight. In this work we mainly focus on TIs, but the theory described here applies with
minor modifications to Weyl semimetals as well.
Three-dimensional TIs feature a quantum Hall electromagnetic response at the surface,
which emerges as a consequence of an insulator behavior in the bulk characterized effectively
by the following axion electrodynamics Lagrangian [9],
L =
1
8pi
(E2 −B2)− αΘ
4pi2
E ·B, (2)
where E and B are the electric and magnetic field, respectively, α = e2/(~c) is the fine-
structure constant and we have assumed a paramagnetic bulk with magnetic permeability
µ = 1. For TIs where either time-reversal or inversion symmetry holds, Θ = pi. Thus, a TI
sample in vacuum may be considered as the problem of a topological dielectric satisfying the
Maxwell equations,
∇ ·
(
E − αΘ
pi
B
)
= 4piρ, (3)
∇×
(
B +
αΘ
pi
E
)
= ik
(
E − αΘ
pi
B
)
+
4pi
c
j, (4)
∇×E + ikB = 0, (5)
∇ ·B = 0, (6)
where we have used E → Ee−ickt, B → Be−ickt, current j → je−ickt, charge density ρ →
ρe−ickt, and assumed a frequency-dependent dielectric function, (ω, r) = (ck, r). Using eq.
(5), we can rewrite eq. (4) as,
∇×B + ikE = 4pi
c
j − α
pi
∇Θ×E. (7)
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Note that since Θ is uniform inside the TI and vanishes outside it, ∇Θ is proportional to a
delta function on the TI surface, ΣTI . From the above equation we can easily read off the
surface quantum Hall current,
jH(r) =
e2Θ
2pih
∫
dS(u, v)×E(r)δ3(r − rS(u, v)),
(8)
where dS(u, v) = dudv[∂rS(u, v)/∂u × ∂rS(u, v)/∂v] and rS(u, v) ∈ ΣTI , with (u, v) ∈ R2
being associated to a parametrization of ΣTI . We have that σH = e
2Θ/(2pih) is the Hall
conductivity. For Θ = pi or, more generally, Θ = 2pi(n + 1/2), n ∈ Z, we obtain a half-
quantized Hall conductivity [9].
In the past several years a number of predictions of electromagnetic phenomena related to
TIs have been made based on the above equations of axion electrodynamics [9–16]. Experi-
mentally, such phenomena are often difficult to probe, since some effects manifest themselves
only through corrections ∼ O(α2). There are effects occurring at O(α), which are more ac-
cessible to experimental probes. This is precisely the case with, for instance, the Faraday
and Kerr rotation in TIs [9, 11], which has been measured using Bi2Se3 [17] and strained
HgTe [18] samples. The derivation of the effect is elementary and follows directly from the
Maxwell equations above with the boundary conditions modified by the discontinuity of Θ
across the TI surface [9].
Another O(α) effect that has been predicted in the literature concerns surface plasmon
polaritons (SPPs) on the planar surface of a TI [12]. In this work the standard analysis of
SPPs on a planar geometry has been extended to TIs in the same geometry. As a matter of
fact, the same Maxwell equations can be used, except for a nontrivial change in the boundary
conditions due to the presence of the axion term in eq. (2) [12]. Indeed, the TI surface
introduces a discontinuity in Θ mixing electric and magnetic boundary conditions even in the
static case [10,14,16]. As a concequence, while there is only a transverse magnetic (TM) and
no transverse electric (TE) component of the electric field in the usual theory for SPPs on
planar surfaces, such a component does not vanish in the TI case.
One of the most important effects of light scattering beyond the planar geometry originates
from the so called Mie theory [19]. This theory deals with plane wave scattering by a dielectric
sphere and amounts to solving the Maxwell equations with appropriate boundary conditions
[20, 21]. Developing the axion Mie theory is severely complicated by the disparity between
the spherical symmetry of the target relative to the incoming plane waves; including the
axion modifies the boundary conditions relative to the standard Mie theory calculations.
Even if certain aspects of the Mie theory for spherical TIs has been considered recently
[22], there are many relevant issues that remain to be resolved. This includes an accurate
treatment of the modified boundary conditions beyond the first order perturbation level as
well as the incorporation of arbitrary sources of fields (i.e., charges and currents) and the
identification of suitable experimental setups allowing to measure the implications of the
axion term. Another important distinction between the standard Mie theory for a dielectric
sphere and the corresponding extension to the spherical TI case is that the latter has a metallic
surface where induced (surface) currents feature electrons with the spin-momentum locking
property. The latter is actually responsible for the peculiar electromagnetic response whose
content is captured by the Lagrangian (eq. (2)).
In the following we elaborate on these general considerations restricting ourselves to spher-
ical symmetry. This allows to derive analytical solutions for the electromagnetic response of TI
3
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spheres, notably including Hall currents, magnetic fluxes, and scattering cross-sections. Our
considerations essentially amount to an extension of classical Mie theory to include the rami-
fication of the axion term. Herein we do not restrict ourselves to the charge- and current-free
case typically subsumed under Mie theory and allow for arbitrary external sources of fields.
We will, however, focus somewhat on particular case of localized surface plasmons (LSPs),
i.e., negative dielectric response bands. This serves as an archetypal model system for the
LSPs on TI nanoparticles of more complicated shape, noting that in particular topological
characteristics do not depend on the particular particle shape. For other regimes of positive
dielectric response, which may be treated with the same formalism, we refer to the literature.
2 Solution of the field equations
In order to describe the dielectric response of a TI the curl of the Maxwell eq. (4) is computed
inserting eq. (5) to replace the magnetic flux density
∇× (∇×E)− k2E + ikα
pi
∇Θ×E = i4pik
c
j . (9)
For later use we also note an alternative form of the equation valid for spatially constant 
−4E − k2E + ikα
pi
∇Θ×E = i4pik
c
j − 4pi

∇ρ . (10)
The general dielectric response of the sphere (i.e. Mie theory) is obtained by solving the
response eq. (9) exploiting spherical symmetry. In the following we tackle the problem by
a piecewise solution in regions of spatially constant  and Θ (i.e., within and outside of the
sphere) and fixing the missing integration constants through appropriate boundary conditions.
Apart from assuming spherical symmetry, there are no approximations in the expressions
above and in this spirit we will continue below when presenting the exact solution of the
problem. It is furthermore informative to perform a Helmholtz decomposition of the dielectric
response equation at this state as it allows to distinguish a longitudinal and transverse part
of the solution on this very fundamental level (see Appendix A). We will make use of these
results further below.
We begin with expanding the electric field into vector spherical harmonics (following the
definition of Barrera et al. [23])
E (r) =
∞∑
l=0
l∑
m=−l
(
E⊥lm(r)Ylm + E
(1)
lm (r)Ψlm + E
(2)
lm (r)Φlm
)
, (11)
which form a complete basis for vector fields in three dimensions and hence give rise to a
general representation of electric and magnetic fields adapted to spherical coordinates. That
notably also includes fields beyond free vacuum solutions, which are typically considered in
the literature of Mie scattering. Such free solutions may be represented by a restricted set of
only two vector spherical harmonics as discussed further below [20]. Note furthermore that
the l = 0 case is peculiar in that both Ψ and Φ vanish identically (ultimately a consequence
of the hairy ball theorem). As a consequence the l = 0 modes play a special role throughout.
Taking into account the completeness relations of the vector spherical harmonics eqs., (9)
and (10) reduce to a system of three ordinary differential equations for each vector spherical
harmonics (see Appendix B). After setting E⊥lm = E
(⊥)
lm /r we explicitely obtain
4
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r2
d2E
(⊥)
lm
dr2
+ 2r
dE
(⊥)
lm
dr
+
(
k2r2 − l(l + 1))E(⊥)lm
= −i4pik
c
rj⊥lm +
12pi

r (∇ρ)(1)lm +
4pi

r2
d (∇ρ)(1)lm
dr
(12)
for the first component E(⊥). The second component E(1) is directly linked to the first
through the first Maxwell equation
E
(1)
lm =
r
l(l + 1)
dE⊥lm
dr
+
2
l(l + 1)
E⊥lm −
4pi
l(l + 1)
r2 (∇ρ)(1)lm . (13)
Note that the apparent divergence in case of l = 0 dissolves under closer inspection as
the Ψ component vanishes. The third differential equation for E(2) has again the same
mathematical structure as the first
r2
d2E
(2)
lm
dr2
+ 2r
dE
(2)
lm
dr
+
(
r2k2− l(l + 1))E(2)lm = −i4pikc j(2)lm . (14)
Both, the first and third, are inhomogeneous second order differential equation in E
(⊥)
lm of
(modified) spherical Bessel type (after absorbing k
√
 = kn into r). The fate of the equation
being of modified type or not is decided by the sign of the index of refraction n =
√
. While
in vacuum n is positive corresponding to a spherical Bessel equation, within the sphere both
positive and negative sign (depending on the frequency) can occur. In the following, we con-
sider the negative sign leading to evanescend excitations (i.e., surface plasmons) confined to
the surface of the sphere. Note, however, that the general solution (notably including whisper-
ing gallery modes when sphere > vac) for general complex-valued  follow straightforwardly
utilizing Bessel functions of complex arguments. Note furthermore that the solution space
can be further restricted to those, which do not diverge at the origin.
The general solutions of the above differential equations split into a homogeneous and
inhomogeneous part. The homogeneous solution, which includes the important problem of
light scattering on a sphere (i.e. Mie scattering), is considered first. Subsequently, we will
also discuss the general inhomogeneous case. General solutions without external sources (the
homogeneous solutions) for the above second order differential equation may be generally
expanded into two fundamental solutions, which are spherical Bessel functions in our case.
For the radial component (eq. (12)) this expansion explicitely reads
E
(⊥)
lm (r) =
{
a
(⊥)
l il(nkr),
b
(⊥)
l jl(kr) + c
(⊥)
l yl(kr),
r < R
r ≥ R . (15)
Note that the modified Bessel function of second kind does not appear in the interior of the
sphere as it diverges at the origin. From eq. (13) the first tangential component can be
derived
E
(1)
lm (r) =
 a
(⊥)
l
[
nk
l(l+1) il+1(nkr) +
1
l
il(nkr)
r
]
,
b
(⊥)
l
rkjl−1(kr)+ljl(kr)
rl(l+1) + c
(⊥)
l
rkyl−1(kr)+lyl(kr)
rl(l+1) ,
r < R
r ≥ R . (16)
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The solution to eq. (14) for the second tangential component reads
E
(2)
lm (r) =
{
a
(2)
l il(nkr),
b
(2)
l jl(kr) + c
(2)
l yl(kr),
r < R
r ≥ R . (17)
In the first case the magnetic field is strictly tangential to the sphere, whereas in the second
case the electric field is tangential. Moreover, the first set of solutions is curl-free (longitudi-
nal), whereas the the second one is divergence-free (transverse) in the electrical field. While
the latter are called transverse electric (TE), the first go under the name longitudinal electric,
quasi-static or transverse magnetic (TM) depending on the context. Both modes are com-
pletely decoupled (and orthogonal) in the topologically trivial case. Note furthermore that in
both cases the homogeneous solutions are degenerate with respect to m.
In order to determine the six expansion coefficients (remember that E(1) can be computed
once E(⊥) is known) of the homogeneous solutions above a corresponding number of boundary
conditions has to be provided. Four of them stem from the internal boundaries at the surface
of the sphere. The remaining two are given by normalization conditions. Indeed, it is only at
this stage, where deviations from the classical Mie theory are introduced by the axion term,
as anticipated. The internal boundary conditions are derived from partial derivatives normal
to the surface inserting Maxwell’s equations as usual.
From the homogeneous Maxwell equations (second and third) we obtain
rdE⊥lm1
dr
+ 2E⊥lm1 =
rdE⊥lm2
dr
+ 2E⊥lm2 (18)
and
− l(l + 1)
r
(
E
(2)
lm1 − E(2)lm2
)
= 0 . (19)
The BCs obtained from the inhomogeneous Maxwell equations (first and fourth) read
E⊥lm2 − n2E⊥lm1 =
iα
kpi
l(l + 1)
r
E
(2)
lmΘ (20)
and
− ikα
pil(l + 1)
(
r
dE⊥lm
dr
+ 2E⊥lm
)
Θ =
dE
(2)
lm1
dr
− dE
(2)
lm2
dr
. (21)
Similarly to the field equations only 2 of the 4 BCs are affected by the topological term (i.e.,
those pertaining to the inhomogeneous Maxwell equations), while the other two remain as in
the classical Mie theory.
We finally solve the system of BCs for the 6 coefficients al, bl, cl. The solutions for
b
(2)
l , c
(2)
l , b
(⊥)
l and c
(⊥)
l in terms of a
(⊥)
l and a
(2)
l read
6
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b
(2)
l =
a
(2)
l
(
yl
dil
dr − il dyldr
)
yl
djl
dr − jl dyldr
+
a
(⊥)
l
ikαΘ
pil(l+1)
d(ril)
rdr yl
yl
djl
dr − jl dyldr
(22)
c
(2)
l =
a
(2)
l
(
jl
dil
dr − il djldr
)
jl
dyl
dr − yl djldr
+
a
(⊥)
l
ikαΘ
pil(l+1)
d(ril)
rdr jl
jl
dyl
dr − yl djldr
(23)
b
(⊥)
l =
a
(⊥)
l
(
yl
d(ril)
rdr − n2il d(ryl)rdr
)
yl
djl
dr − jl dyldr
+
a
(2)
l
αl(l+1)Θ
ikpi
d(ryl)
rdr il
yl
djl
dr − jl dyldr
(24)
c
(⊥)
l =
a
(⊥)
l
(
jl
d(ril)
rdr − n2il d(rjl)rdr
)
jl
dyl
dr − yl djldr
+
a
(2)
l
αl(l+1)Θ
ikpi
d(rjl)
rdr il
jl
dyl
dr − yl djldr
(25)
From the equations above it is clear that indeed the modifications due to the axion term
amount to a mixing of the originally decoupled TM and TE solutions, which has been previ-
ously noted for the half-plane boundary case by Karch [12]. Noting that TM and TE fields
are perpendicular, their weak mixing is equivalent to a rotation of the electric or magnetic
field vectors linear in α, which has been successfully detected in the half plane geometry and
may be also amenable to experimental detection in case of the sphere.
Fixing a
(⊥)
l and a
(2)
l by orthonormalizing the corresponding fields lead to the so-called nor-
mal modes. This procedure amounts to a separate normalization of the TM and TE modes in
the topologically trivial case. In case of the non-trivial case we avoid the tedious orthonormal-
ization in the following and fix the coefficients a
(⊥)
l and a
(2)
l through simpler approximations
(motivated by the smallness of the topological term). Fig. 1 shows a comparison between
classical TM and TE normal modes for l = 1 and the corresponding TI solutions (normalized
by setting a
(⊥)
l or a
(2)
l to zero, respectively). In the topologically trivial setting (left columns
of Fig. 1 respectively) we readily observe that TM and TE normal modes are completely
decoupled. In case of the TI sphere on the right columns of Fig. 1 respectively, on the other
hand, originally purely TM and TE modes mix due to the axion term, i.e., acquire a small TE
and TM character respectively. Similarly, the 3D representation of the l = 1,m = 1 modes
(Fig. 2) reveals a tilting out of the tangential plane of the B-field (E-field) in case of the TM
(TE) mode, which corresponds to the above noted mixing of TM and TE modes. A notable
exception pertains to the l = 0 TM mode, which is magnetic field free and not affected by
the modified boundary conditions due to the axion term.
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Figure 1: Radial dependency of electric and magnetic field components (absolute value) of
l = 1 normal modes for topologically trivial and TI sphere. Note that the y-axis was always
scaled in the same arbitrary units.
More insight into the origin of that behaviour may be obtained from the analysis of the
Hall currents associated to the axion term (eq. (8) and eq.(21)). Fig. 3 show the Hall current
of the l = 1,m = 1 TM mode. Accordingly, the Hall current has a source and sink due
to oscillating charges and produces magnetic fields with components normal to the surface,
i.e. a TE mode. Moreover, the number of sources and sinks increases with the mode order,
e.g., a quadrupolar structure is visible for the l = 2,m = 2 TM mode (see Fig. 3). The
above analytic expressions for the normal modes admits an expansion of any electromagnetic
response of the TI in the absence to charges and currents, i.e., the description of (resonant)
photon scattering. As an example we note the solution to the scattering of a linearly polarized
plane wave. Note that due to conservation of angular momentum the whole problem separates
in l. In order to obtain an analytic expression of the scattering and extinction cross section
(σs , eq. (28) and σe , eq. (29)) we first rewrite the normal modes in the vacuum regions in
terms of Hankel functions of first and second kind with excitation coefficients dl =
bl−icl
2 and
el =
bl+icl
2 respectively, which allow a separation of incoming and outgoing spherical waves. In
a second step the outgoing waves are normalized by the incoming one to obtain the normalized
scattered wave and the scattering cross section. Last but not least the coefficients a
(⊥)
l or a
(2)
l
are fixed by requiring the outgoing waves d
(⊥)
l or d
(2)
l to be zero respectively. We explicitly
8
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Figure 2: 3D vector representation at r = 55 nm of the l = 1,m = 1 TM and TE modes
(absolute value) for the topoligically trivial sphere with R = 50 nm (left hand side) and their
modifications due to the axion term (right hand side).
obtain for the scattering coefficients f
(⊥)
l and g
(⊥)
l
f
(⊥)
l = −
1
2
d
(⊥)
l − e(⊥)l
e
(⊥)
l
=
n2il
d(rjl)
rdr − jl d(ril)rdr + α2Θ2ζ d(rjl)rdr
n2il
d(rh
(1)
l )
rdr − h
(1)
l
d(ril)
rdr + α
2Θ2ζ
d(rh
(1)
l )
rdr
(26)
with ζ =
d(ril)
rdr h
(2)
l
pi2
(
dil
dr h
(2)
l − il
dh
(2)
l
dr
) il
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1
2
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d(rh
(2)
l )
rdr
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rdr
respectively. Note that we get an additional factor of −12 in the definition of f
(⊥)
l and g
(2)
l in
comparison to the well-known classical Mie theory result (see, e.g., [20]). This is a consequence
of our choice of the vector spherical harmonics defined by Barrera et al. [23], differing from
those used conventionally.
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Figure 3: Hall current (real part) of the TM l = 1,m = 1/l = 2,m = 2 mode (vector plot)
and the corresponding oscillating charges (color coded). Note that both are coupled by a
continuity equation.
The scattering cross section σs and extinction cross section σe then reads:
σs =
2pi
k2
∞∑
l=0
(2l + 1)
(∣∣∣f (⊥)l ∣∣∣2 + ∣∣∣g(2)l ∣∣∣2) (28)
and
σe =
2pi
k2
∞∑
l=0
(2l + 1)<
{
f
(⊥)
l + g
(2)
l
}
(29)
(see eq. (75) and eq. (74) for the full analytic solution). Accordingly, we observe that the
well-known classical Mie theory result (Θ = 0, see, e.g., [20]) is modified by a topological term
of the order α2 in both the nominator and denominator. While the former slightly shifts the
energy of the resonances at zeros of the nominator the latter leads to a modification of the
scattering intensity. Due to their smallness both are beyond current experimental detection.
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We finally turn our attention to the general inhomogeneous case. As the solution of the
pertaining differential eqs. (12) and (14) for arbitrary external currents and charges ultimately
requires numerical methods, we restrict our discussion to the highly symmetric case of a broad
parallel and fast electron beam, transmitting the TI sphere. That example corresponds to
the important experimental setup of electron energy loss spectroscopy in the transmission
electron microscope, and allows us to illustrate the general principles and possible novel
detection schemes of the axion term.
The electron density and current (in frequency space) of an electron beam moving with
velocity v in z-direction reads
ρ (r, ω) = −ρ0
v
eiω(z−z0)/v (30)
and
j (r, ω) = −j0eiω(z−z0)/v
 cos θ− sin θ
0
 (31)
respectively. Note that the vector components pertain to spherical coordinates, i.e., to coor-
dinate axes pointing into r, θ, ϕ directions. For further use we also note the gradient of the
charge
∇ρ (r, ω) = −iρ0ω
v2
eiω(z−z0)/v
 cos θ− sin θ
0
 . (32)
In the next step we compute the expansion coefficients of the gradient of the charge and
the current as appearing in the inhomogeneous differential eqs. (12) and (14). The relevant
coefficients for the current read
j⊥lm = −j0e−i
ω
v
z0
∫
ei
ω
v
r cos θ cos θY ∗l,m dΩ (33)
= −
√
4pi (2l + 1)j0e
−iω
v
z0δm,0
∞∑
`′=0
i`
′
j`′
(ω
v
r
) (
2`′ + 1
)( l 1 `′
0 0 0
)2
and
j
(2)
lm =
j0
l (l + 1)
e−i
ω
v
z0
∫
ei
ω
v
r cos θ dY
∗
lm
dϕ
dΩ (34)
= i
√
4pi
j0m
l (l + 1)
(−1)m e−iωv z0
∞∑
`′=0
√
2`′ + 1i`
′
j`′
(ω
v
r
)∫
Y`′0Yl,−mdΩ
= 0
whereas that for the gradient of the charge is
(∇ρ)(1)lm = i
ρ0ω
v2l (l + 1)
e−i
ω
v
z0
∫
ei
ω
v
r cos θ sin θ
dY ∗l,m
dθ
dΩ (35)
= −2
√
2piρ0
√
2l + 1
l (l + 1)
e−i
ω
v
z0δm,0
∞∑
`′=0
(
2`′ + 1
)
i`
′
j`′
(ω
v
r
)( l 1 `′
0 0 0
)(
l 1 `′
1 −1 0
)
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In case of non-vanishing coefficients we observe that the radial dependency of all inhomo-
geneous terms is that of a superposition of spherical Bessel functions j`′ and the azimuthal
dependency is trivial (m = 0) as expected for a cylindrical beam. More importantly, we
note that the second tangential component of the current vanishes, which means that a broad
electron beam cannot excite a TE mode for conventional dielectric spheres. Similar to the
homogeneous case, however, that limitation is lifted by the boundary conditions. In that
case the coupling of TM and TE components leads to non-vanishing E(2) components with
the excitation strength being linear in α (see Fig. 4). The precise radial dependency of all
coefficients can be obtained by numerically solving eq. (12) and eq. (14) after inserting the
above expressions.
E
(⊥)
lm
E
(2)
lm
E
(1)
lm E
TM
lm
ETElmE
eff.
lm
β ∝ α
∝ α2
∝ α
⊗ ⊗ ⊗
⊗ ⊗ ⊗
⊗ ⊗ ⊗e−-beam
Figure 4: Axion admixing of ETElm components to a E
TM
lm -mode. The change of the lengths of
the resulting effective electric field vector Eeff.lm is of the order α
2 whereas the rotation angle
β scales linear with α.
3 Conclusion
In summary, we have extended the description of the electromagnetic response of spherical
particles to include the ramifications of an axion term such as present in topological insulators.
We have studied the consequences for the excitation of localized surface plasmons on spherical
TI nanoparticles. We found an intrinsic mixing of TM and TE modes as leading order effect
(linear in α). This mixing manifests itself as a small rotation of the induced electric and
magnetic fields, which we anticipate to be detectable by suitable setups. Promising candidates
utilizing localized probes (i.e. electron beams) are polarization-resolved cathodoluminescence
and inelastic momentum transfer measurements [24]. Corresponding shifts in LSP resonance
energies and scattering or extinction coefficients, on the other hand, are of the order of α2,
hence difficult to detect. We also note that the presented formalism allows to include arbitrary
external currents and charges, typically not included in the standard formulation of Mie theory.
As an example we discussed the dielectric response of a TI sphere transmitted by a broad
12
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electron beam as utilized in electron energy loss spectroscopy.
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A Helmholtz Decomposition of Dielectric Response
For the classification of the dielectric response of a sphere it is informative to note the
Helmholtz decomposition into transverse
∇×∇×Et − k2 (E)t + ik
α
pi
∇× (ΘE)
− ikαΘ
pi
(∇×E)t = i
4pik
c
jt, (36)
and longitudinal part
k2 (E)l − ik
αΘ
pi
(∇×E)l = i
4pik
c
jl (37)
of the fundamental response eq. (9). Note in particular that the first Maxwell equation
combined with the continuity equation,
iω∇ ·
(
E − αΘ
pi
B
)
= 4pi∇ · j (38)
has the same longitudinal solution
iωEl − αc
pi
Θ∇×E = 4pijl . (39)
Consequently, the response eq. (9) is sufficient to model plasmonics in frequency domain.
The B-field is readily obtained after inserting E into the third Maxwell equation.
B Mie Theory
B.1 Field equations in spherical coordinates
The general dielectric response of the sphere (i.e. Mie theory) is obtained by solving the
response eq. (9) exploiting spherical symmetry. In the following we tackle the problem by a
piecewise solution in regions of constant  and Θ (i.e., within and outside of the sphere) and
13
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fixing the missing integration constants through appropriate boundary conditions. Accord-
ingly, the response equation in homogeneous regions reads
∇×∇×E − k2E = i4pik
c
j (40)
or
−4E − k2E = i4pik
c
j − 4pi

∇ρ . (41)
In the next step we expand the solution into vector spherical harmonics (following the defini-
tion of Barrera et al. [23])
E (r) =
∞∑
l=0
l∑
m=−l
(
E⊥lm(r)Ylm + E
(1)
lm (r)Ψlm + E
(2)
lm (r)Φlm
)
, (42)
which gives us later less headaches, when defining the boundary conditions, compared to the
more common Hertz potential expansion. Inserting the expansion into eq. (40) yields
∇×
∞∑
l=0
l∑
m=−l
[
− l(l + 1)
r
E
(2)
lmYlm −
(
dE
(2)
lm
dr
+
1
r
E
(2)
lm
)
Ψlm
+
(
−1
r
E⊥lm +
dE
(1)
lm
dr
+
1
r
E
(1)
lm
)
Φlm
]
+ k2E = i
4pik
c
j (43)
after evaluating one curl and finally
∞∑
l=0
l∑
m=−l
[(
l(l + 1)
r2
E⊥lm −
l(l + 1)dE
(1)
lm
rdr
− l(l + 1)
r2
E
(1)
lm − k2
)
Ylm
+
(
1
r
dE⊥lm
dr
− d
2E
(1)
lm
dr2
− 2
r
dE
(1)
lm
dr
− k2
)
Ψlm
+
(
l(l + 1)
r2
E
(2)
lm −
d2E
(2)
lm
dr2
− 2
r
dE
(2)
lm
dr
− k2
)
Φlm
]
= i
4pik
c
j (44)
or, upon expanding eq. (41),
∞∑
l=0
l∑
m=−l
[(
2 + l(l + 1)
r2
E⊥lm −
2
r
dE⊥lm
dr
− d
2E⊥lm
d2r
− 2l(l + 1)
r2
E
(1)
lm − k2
)
Ylm
+
(
− 2
r2
E⊥lm −
2
r
dE
(1)
lm
dr
− d
2E
(1)
lm
d2r
+
l(l + 1)
r2
E
(1)
lm − k2
)
Ψlm
+
(
−2
r
dE
(2)
lm
dr
− d
2E
(2)
lm
d2r
+
l(l + 1)
r2
E
(2)
lm − k2
)
Φlm
]
= i
4pik
c
j − 4pi

∇ρ . (45)
For notional simplicity we did not write the vector harmonics expansion on the RHS
(inhomogeneous term) of both equations, which is straightforward, however. Taking into
14
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account the closure relations of the vector spherical harmonics both equations reduce to
a system of three ordinary differential equations for each vector spherical harmonics. Note
furthermore that only the first two are coupled, respectively, whereas the last one can be solved
independently. We proceed by first solving the coupled system of the first two. Subtracting
the Ψlm expansion coefficients of both equations gives
1
r
dE⊥lm
dr
+
2
r2
E⊥lm −
l(l + 1)
r2
E
(1)
lm =
4pi

(∇ρ)(1)lm (46)
or
E
(1)
lm =
r
l(l + 1)
dE⊥lm
dr
+
2
l(l + 1)
E⊥lm −
4pi
l(l + 1)
r2 (∇ρ)(1)lm . (47)
Inserting into the Ylm expansion coefficient of eq. (44) then leads to
l(l + 1)
r2
E⊥lm −
l(l + 1)
r
dE
(1)
lm
dr
− 1
r
dE⊥lm
dr
− 2
r2
E⊥lm − k2E⊥lm = i
4pik
c
j⊥lm −
4pi

(∇ρ)(1)lm . (48)
We finally compute the derivative of the E
(1)
lm term by inserting eq. (47)
− 1
r
d
dr
(
rdE⊥lm
dr
+ 2E⊥lm −
4pi

r2 (∇ρ)(1)lm
)
− 1
r
dE⊥lm
dr
+
(
l(l + 1)− 2
r2
− k2
)
E⊥lm
= i
4pik
c
j⊥lm −
4pi

(∇ρ)(1)lm (49)
obtaining
r2
d2E⊥lm
dr2
+ 4r
dE⊥lm
dr
+
(
k2r2 − l(l + 1) + 2)E⊥lm = −i4pikc j⊥lm + 12pi (∇ρ)(1)lm + 4pi rd (∇ρ)
(1)
lm
dr
(50)
or (after setting E⊥lm = E
(⊥)
lm /r)
r2
d2E
(⊥)
lm
dr2
+2r
dE
(⊥)
lm
dr
+
(
k2r2 − l(l + 1))E(⊥)lm = −i4pikc rj⊥lm+ 12pi r (∇ρ)(1)lm + 4pi r2 d (∇ρ)
(1)
lm
dr
.
(51)
This is an inhomogeneous second order differential equation in E
(⊥)
lm of (modified) spherical
Bessel equation type (after absorbing k
√|| = kn into r). The fate of the equation being of
modified type or not is decided by the sign of the index of refraction n =
√
. While in vacuum
n is positive corresponding to a spherical Bessel equation, within the sphere both positive
and negative sign (depending on the frequency considered can occur). In the following, we
consider the negative sign leading to evanescent excitations (i.e., modified Bessel functions
in the interior) confined to the surface of the sphere, which corresponds to localized surface
plasmons. The third equation has the same structure
r2
d2E
(2)
lm
dr2
+ 2r
dE
(2)
lm
dr
+
(
r2k2n2 − l(l + 1))E(2)lm = −i4pikc j(2)lm . (52)
Both sets of solutions are independent. Note furthermore that the solution space can be
further restricted by only admitting solutions, which do not diverge at the origin (i.e. modified
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spherical Bessel functions of the first kind in the interior). The homogeneous solution to the
first expansion then explicitely reads
E
(⊥)
lm (r) =
{
a
(⊥)
l il(nkr)
b
(⊥)
l jl(kr) + c
(⊥)
l yl(kr)
r < R
r ≥ R , (53)
and from eq. (47)
E
(1)
lm (r) =
 a
(⊥)
l
[
nk
l(l+1) il+1 (nkr) +
1
l
il(nkr)
r
]
b
(⊥)
l
(
k
l(l+1)jl−1 (kr) +
1
(l+1)
jl(kr)
r
)
+ c
(⊥)
l
(
k
l(l+1)yl−1 (kr) +
1
(l+1)
yl(kr)
r
) r < R
r ≥ R .
(54)
The second solution reads
E
(2)
lm (r) =
{
a
(2)
l il(nkr)
b
(2)
l jl(kr) + c
(2)
l yl(kr)
r < R
r ≥ R . (55)
In the first case the magnetic field is strictly tangential to the sphere, whereas in the second
case the electric field is tangential. In accordance with the convention employed for the plane
boundary (i.e. sphere radius →∞) they are called transverse magnetic (TM) and transverse
electric (TE) modes. Note furthermore that in both cases the homogeneous solutions are
degenerate with respect to m.
B.2 Boundary Conditions
In order to determine the 6 expansion coefficients of the homogeneous solutions above we
require 4 BCs (two for E(⊥) and two for E(2)) for each homogeneous domain, E(1) can be
computed once E(⊥) is known. The two remaining degrees of freedom are fixed by normal-
ization of the TM and TE modes respectively. We begin with the internal boundaries at the
surface of the sphere. Indeed, it is only at this stage, where deviations from the classical Mie
theory are introduced by the axion term as we anticipated. These boundary conditions are
derived from partial derivatives normal to the surface as usual:
1. Boundary condition from the second Maxwell equation
E
(1)
lm1 = E
(1)
lm2 (56)
and hence
rdE⊥lm1
dr
+ 2E⊥lm1 =
rdE⊥lm2
dr
+ 2E⊥lm2 . (57)
2. Boundary condition from the third Maxwell equation
rˆ ·B2 − rˆ ·B1 = 0 (58)
− l(l + 1)
r
(
E
(2)
lm1 − E(2)lm2
)
= 0 . (59)
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3. Boundary condition from the first Maxwell equation (rˆ =̂ outward unit normal)
rˆD2 − rˆD1 = iαΘ2
kpi
rˆ · (∇×E2)− iαΘ1
kpi
rˆ · (∇×E1) (60)
reads
n22E
⊥
lm2 − n21E⊥lm1 =
iαΘ2
kpi
rˆ · (∇×E2)− iαΘ1
kpi
rˆ · (∇×E1) (61)
E⊥lm2 − n2E⊥lm1 = −
iαΘ2
kpi
l(l + 1)
r
E
(2)
lm2 +
iαΘ1
kpi
l(l + 1)
r
E
(2)
lm1
=
iα
kpi
l(l + 1)
r
E
(2)
lmΘ
where the last line is obtained after inserting the continuity of the E
(2)
lm components
derived from the second boundary condition eq. (59) and using Θ2 = 0 (topological
trivial material outside of the sphere) and Θ1 = Θ.
4. Boundary condition from the fourth Maxwell equation (tˆ1,2=̂ tangent unit vector into
Ψlm and Φlm direction)
α
pi
(
t1E1Θ1 − t1E2Θ2
)
=
(
t1B1 − t1B2
)
(62)
and hence
α
pi
(E
(1)
lm1Θ1 − E(1)lm2Θ2) = −
1
ik
[(
dE
(2)
lm1
dr
+
1
r
E
(2)
lm1
)
−
(
dE
(2)
lm2
dr
+
1
r
E
(2)
lm2
)]
(63)
Upon inserting eq. (47) we obtain
αr2
pil(l + 1)
((
dE⊥lm1
rdr
+
2
r2
E⊥lm1
)
Θ1 −
(
dE⊥lm2
rdr
+
2
r2
E⊥lm2
)
Θ2
)
= − 1
ik
[(
dE
(2)
lm1
dr
+
1
r
E
(2)
lm1
)
−
(
dE
(2)
lm2
dr
+
1
r
E
(2)
lm2
)]
(64)
and finally
α
pil(l + 1)
((
r
dE⊥lm1
dr
+ 2E⊥lm1
)
Θ1 −
(
r
dE⊥lm2
dr
+ 2E⊥lm2
)
Θ2
)
= − 1
ik
[(
dE
(2)
lm1
dr
)
−
(
dE
(2)
lm2
dr
)]
(65)
or using BC1 eq. (57)
α
pil(l + 1)
(
r
dE⊥lm
dr
+ 2E⊥lm
)
Θ = − 1
ik
[(
dE
(2)
lm1
dr
)
−
(
dE
(2)
lm2
dr
)]
(66)
completing the 4 required BCs. Similarly to the field equations only 2 of the 4 BCs are
affected by the topological term (i.e., those pertaining to the inhomogeneous Maxwell
equations), while the other two remain as in the classical Mie theory.
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We finally solve the system of BCs for the 6 coefficients al, bl, cl; the two free degrees
of freedom (we only have 4 BCs) are fixed by the normalization of the TM and TE modes
respectively as noted previously.
a
(⊥)
l b
(⊥)
l c
(⊥)
l a
(2)
l b
(2)
l c
(2)
l
dil
dr +
il
r −djldr − jlr −dyldr − ylr 0 0 0 0
0 0 0 il −jl −yl 0
−n2il jl yl − iαl(l+1)Θkpi il 0 0 0
ikαΘ
pil(l+1)
(
dil
dr +
il
r
)
0 0 dildr −djldr −dyldr 0

(67)
Solutions of the equation system for b
(2)
l , c
(2)
l , b
(⊥)
l and c
(⊥)
l in terms of a
(⊥)
l and a
(2)
l :
b
(2)
l =
a
(2)
l
(
yl
dil
dr − il dyldr
)
yl
djl
dr − jl dyldr
+
a
(⊥)
l
ikαΘ
pil(l+1)
d(ril)
rdr yl
yl
djl
dr − jl dyldr
(68)
c
(2)
l =
a
(2)
l
(
jl
dil
dr − il djldr
)
jl
dyl
dr − yl djldr
+
a
(⊥)
l
ikαΘ
pil(l+1)
d(ril)
rdr jl
jl
dyl
dr − yl djldr
(69)
b
(⊥)
l =
a
(⊥)
l
(
yl
d(ril)
rdr − n2il d(ryl)rdr
)
yl
djl
dr − jl dyldr
+
a
(2)
l
αl(l+1)Θ
ikpi
d(ryl)
rdr il
yl
djl
dr − jl dyldr
(70)
c
(⊥)
l =
a
(⊥)
l
(
jl
d(ril)
rdr − n2il d(rjl)rdr
)
jl
dyl
dr − yl djldr
+
a
(2)
l
αl(l+1)Θ
ikpi
d(rjl)
rdr il
jl
dyl
dr − yl djldr
(71)
In order to obtain an analytic expression of the scattering and extinction cross section (σs eq.
(75) and σe eq. (74)) one first re-expresses the normal modes in the vacuum regions in terms
of Hankel functions of first and second kind with excitation coefficients
dl =
bl − icl
2
and el =
bl + icl
2
(72)
which allow a separation of incoming and outgoing spherical waves. In a second step the
outgoing waves are normalized with the incoming one to obtain the normalized scattered wave
and the scattering cross section. Finally the coefficients a
(⊥)
l or a
(2)
l are fixed by requiring the
outgoing waves d
(⊥)
l or d
(2)
l to be zero respectively. In explicit form we obtain for the TM
mode
f
(⊥)
l =
d
(⊥)
l − e(⊥)l
−2e(⊥)l
=
n2il
d(rjl)
rdr − jl d(ril)rdr + α2Θ2ζ d(rjl)rdr
n2il
d(rh
(1)
l )
rdr − h
(1)
l
d(ril)
rdr + α
2Θ2ζ
d(rh
(1)
l )
rdr
(73)
with ζ =
d(ril)
rdr
h
(2)
l
pi2
(
dil
dr
h
(2)
l −il
dh
(2)
l
dr
) il
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and for the TE mode
g
(2)
l =
d
(2)
l − e(2)l
−2e(2)l
=
il
d(rjl)
rdr − jl drilrdr + α2Θ2ξjl
il
drh
(1)
l
rdr − h
(1)
l
dril
rdr + α
2Θ2ξh
(1)
l
(74)
with ξ =
il
d(rh
(2)
l
)
rdr
pi2
(
d(ril)
rdr
h
(2)
l −n2il
d(rh
(2)
l
)
rdr
) d(ril)
rdr
respectively.
Note that we get an additional factor of −12 in the definition of f
(⊥)
l and g
(2)
l in comparison to
the well-known classical Mie theory result (see, e.g., [20]). This is a consequence of our chose
of the vector spherical harmonics defined by Barrera et al. [23]. The scattering cross section
σs and extinction cross section σe then reads:
σs =
2pi
k2
∞∑
l=0
(2l + 1)
(
|f (⊥)l |2 + |g(2)l |2
)
(75)
=
2pi
k2
∞∑
l=0
(2l + 1)
×
∣∣∣∣∣∣ n
2il
d(rjl)
rdr − jl d(ril)rdr + α2Θ2ζ d(rjl)rdr
n2il
d(rh
(1)
l )
rdr − h
(1)
l
d(ril)
rdr + α
2Θ2ζ
d(rh
(1)
l )
rdr
∣∣∣∣∣∣
2
+
∣∣∣∣∣∣ il
d(rjl)
rdr − jl drilrdr + α2Θ2ξjl
il
drh
(1)
l
rdr − h
(1)
l
dril
rdr + α
2Θ2ξh
(1)
l
∣∣∣∣∣∣
2
and
σe =
2pi
k2
∞∑
l=0
(2l + 1)<
{
f
(⊥)
l + g
(2)
l
}
(74)
=
2pi
k2
∞∑
l=0
(2l + 1)
× <
 n2il
d(rjl)
rdr − jl d(ril)rdr + α2Θ2ζ d(rjl)rdr
n2il
d(rh
(1)
l )
rdr − h
(1)
l
d(ril)
rdr + α
2Θ2ζ
d(rh
(1)
l )
rdr
+
il
d(rjl)
rdr − jl drilrdr + α2Θ2ξjl
il
drh
(1)
l
rdr − h
(1)
l
dril
rdr + α
2Θ2ξh
(1)
l

These are the classical Mie theory results for the TM and TE mode (typically derived by
employing Hertz potentials, see, e.g., [20]) modified by the axion term.
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